We consider the problem of designing efficient regularization algorithms when regularization is encoded by a (strongly) convex functional. Unlike classical penalization methods based on a relaxation approach, we propose an iterative method where regularization is achieved via early stopping. Our results show that the proposed procedure achieves the same recovery accuracy as penalization methods, while naturally integrating computational considerations. An empirical analysis on a number of problems provides promising results with respect to the state of the art.
Introduction
Many machine learning problems require to estimate a quantity of interest based on random noisy data/measurements. Towards this end, a common approach is considering estimators defined by the minimization of an empirical objective, where a data fit term is penalized using a regularizer, encoding prior information on the quantity to be estimated. From a modeling perspective, this latter approach can be seen as the relaxation of an ideal problem with equality constraints defined by exact data, whereas from a computational perspective it reduces in principle to the solution of a single optimization problem.
In practice however, the regularization parameter needs to be chosen, and hence the solution of multiple optimization problems is typically required. Moreover, computational and estimation aspects are usually considered separately, leading to potential dichotomy and trade-offs between estimation and computational aspects [11] . Indeed, these observations have recently motivated the development of techniques to compute solutions corresponding to different penalization levels (regularization path) [20, 23] as well as an interest on the interplay between estimation and computation [27] .
In this paper, we investigate and apply iterative regularization techniques in the context of linear inverse problems modeling many machine learning problems. The key idea behind iterative regularization is that early stopping the iterative optimization of an empirical problem, performs a form of implicit regularization [21] . Iterative regularization algorithms are classical in inverse problems [21] and have been recently analyzed and applied in machine learning to finf the minimal norm solution [4, 9, 28, 29, 33, 34] . These works show that iterative regularization methods typically share the same estimation properties of penalized methods, but are often advantageous from a computational perspective. Indeed, since the number of iterations becomes the regularization parameter, iterative regularization schemes have a built-in warm restart property that allows to easily compute a whole regularization path, if the involved regularizer is the squared norm one.
The main question we discuss in this work is how to derive and analyze fast iterative regularization schemes for large classes of regularizers. Indeed, flexibility in the choice of this latter functional is key for good estimation and has been the subject of much recent work. However, while how to exploit such penalties is clear using relaxation approaches, how to derive corresponding iterative regularization schemes is less obvious.
In this paper, we derive iterative regularization for a strongly convex regularizer, by considering the iterative minimization of this latter functional under equality constraints defined by the noisy data (rather than a relaxation). The iteration thus obtained does not converge to the desired solution, but can be shown to be robust to noise if suitably stopped. Indeed, a stability argument shows the noisy iteration deviates gradually from a noiseless iteration which in turns can be shown to converge to the ideal solution. Exploiting this latter result, an optimal stopping rule and the corresponding recovery results can be derived.
We explore this general idea considering two distinct iterations. The first is based on a dual gradient descent (a.k.a. mirror descent [5] , and linearized Bregman iteration [12] ), while the second corresponds to an accelerated variant [7] . While both methods are shown to lead to the same recovery guarantees, acceleration allows for more aggressive stopping rules with substantial computational gains.
The idea of considering iterative regularization and early stopping for convex regularizers is not new, we refer to [14] for an interesting survey on known results, open problems, and additional references. Some previous approaches [25] rely on Morozov discrepancy principle [21] , other approaches are based on stability, see [13, 10] . However the existing studies do not analyze the algorithms presented in this paper. More importantly, we are not aware of any previous results considering the regularization effect of accelerated iterations [24] .
Our theoretical findings are complemented by empirical results on three different applications: variable selection, matrix completion, and image deblurring. The experiments confirm the theoretical results and show that the recovery properties of iterative regularization are comparable to penalization approaches with much lower computational costs.
The rest of the paper is organized as follows: in Section 2 we describe the setting and the main assumptions, in Section 3 we introduce the iterations we study, and in Section 4 we state the main results, discuss them, and provide the main elements of the proof. In Section 5 we present several experimental results on matrix completion, variable selection, and deblurring problems.
Problem setting
We consider a general problem of the form
for a given matrix 1 X : R p → R n , an observation y ∈ R n , and a vector w † ∈ R p . Such formulation include for instance regression, feature selection, as well as many image/signal processing problems. In general, the solution of the above linear equation is not unique, and a selection principle is needed to choose an appropriate solution (e.g. in the high dimensional scenario, where p > n). In this paper we assume that the solution of interest w † minimizes a function R : R p → ]−∞, +∞] encoding some prior information on the problem at hand. We assume R to be proper, lower semicontinuous, strongly convex, and we let w † to be the unique solution of the optimization problem
In practice, one does not have access to y, but only to a noisy version y. In particular in this paper we consider a worst case scenario, where the noise is deterministic, i.e. y − y ≤ δ, for some δ > 0. The goal is then to find a stable estimation of w † only observing X and y.
The classical way to achieve this goal is to relax the equality constraints, and use a Tikhonov regularization scheme: min
A data fidelity term is added to the function R, multiplied by a regularization parameter λ. Such an approach usually requires two steps: first, the solution of a regularized problem for several values of the regularizing parameter, and second the model selection, where the best regularized solution is selected among the computed ones.
In this paper we avoid relaxation, and consider iterative regularization schemes. We define a sequence ( w t ) t∈N derived by applying an appropriate minimization algorithm to the noisy problem minimize y=Xw R(w). Such a procedure converges to a minimizer of the noisy problem (2.3), which is not the solution we are looking for, however a good solution can be achieved by early stopping. More precisely, we show that, depending on the noise level, we can select an element w t δ of the sequence ( w t ) t∈N which converges to w † when the noise goes to zero. An intuition of why this procedure works can be derived from the proof's strategy. To analyze the behavior of the sequence ( w t ) t∈N we define an auxiliary (regularizing) sequence (w t ) t∈N , that is the sequence obtained applying the same minimization algorithm devised for problem (2.3) , to the ideal problem (2.2), which therefore converges to w † . The choice of the stopping time will be derived by the following error decomposition
The term w t − w † is an optimization (or regularization) error. We will show that it vanishes for increasing t and in fact will prove non asymptotic bounds. The term w t − w t measures stability to noise and we will see to increase with t and δ. Given data and knowledge of the noise level, our actual regularization procedure is specified by a suitable choice t δ and this results in the explicit bound w t δ −w † ≤ cδ 1/2 . Note that the dependence on the noise level δ is the same as in Tikhonov regularization [21] . In the rest of the paper, we develop the above idea providing all the details.
Notation In the following, the operator norm of the matrix X is denoted by X .
Iterative regularization algorithm for a general penalty
In this section we begin presenting the iterative regularization procedures we study based on dual gradient descent (DGD) and accelerated dual gradient descent (ADGD). The first one is a basic algorithm, while the second is its accelerated version, requiring some additional steps. First, recall that the regularizing function R in (2.3) is assumed to be strongly convex. This implies that there exists α ∈ ]0, +∞[ and a proper, lower semicontinuous, and convex function F :
Both DGD and ADGD belong to the class of first order methods, requiring only matrix and vector multiplications, and the computation of the proximity operator of α −1 F , which is defined as
The computation of the proximity operator involves a minimization problem, which can be solved explicitly in many relevant cases [19] . In particular, it reduces to the well-known soft-thresholding operator when F is equal to the 1 norm, and to a projection, when F is the indicator function of a convex and closed set. We will show in the supplementary material that DGD reduces to a gradient descent on the dual of problem in (2.3). Its asymptotic minimization properties for the problem in (2.3), which is not the one we want to solve, have been studied in [18] . Note that this algorithm, up to a change of variables, is called linearized Bregman iteration in the series of papers [25, 2, 35, 12, 14] . The same algorithm is also called mirror descent in the optimization community [5] . By considering a Nesterov acceleration [24] of gradient descent, we derive ADGD, that is the FISTA variant on the dual problem, which has been considered in [7, 32] . Algorithms DGD and ADGD can be seen as minimization algorithms applied to the dual of the original noise free problem in (2.2), in the presence of a nonvanishing error on the gradient.
Dual Gradient Descent (DGD)
Let v 0 = 0 ∈ R p and γ = α X −2
For t = 0, 1, . . . iterate
, and θ 0 = 1
Before studying the regularizing properties of the proposed procedures, we show that DGD is a generalization of the well-known Landweber iteration (see [21] ).
Remark 3.1 (Connections with Landweber iteration)
Consider Algorithm DGD in the special case F = 0. Noting that, for every w ∈ R p , prox α −1 F (w) = w, we derive
which coincides with the Landweber iteration for solving Problem 2.2, studied in the context of regression in [33] . ADGD provides a FISTA variant of Landweber iteration, for which we prove here regularization properties.
The previous remark shows that the proposed algorithms are generalization of the Landweber iteration for a more general penalty term of the form in (3.1). While it is well known that early stopping of the Landweber iteration leads to stable approximations of the minimal norm solution of an inverse problem, here we generalize such result to obtain stable approximations of the solution defined by general regularizers. The presence of the additional term F in the regularization function introduces in the algorithm a (nonlinear) proximal operation.
Early stopping for strongly convex iterative regularization
In this section, we present and discuss the main results of the paper. We start with DGD. . Let ( u t ) t∈N be the averaged sequence generated by DGD. Assume that there existsv ∈ R p such that −X T v ∈ ∂R(w † ). Set a = 2 X −1 and b = X v † α −1 , where v † is a solution of the dual problem of (2.2). Then, for every t ∈ N,
In particular, choosing t δ = cδ −1 for some c > 0, we derive
Before discussing the above result, we state an analogous result for the accelerated variant.
Theorem 4.2 (Accelerated dual gradient descent) Let δ ∈ ]0, 1] and let ( w t ) t∈N be the sequence generated by ADGD. Assume that there existsv ∈ R p such that −X T v ∈ ∂R(w † ). Set a = 4 X −1 and b = 2 X v † /α, where v † is a solution of the dual problem of (2.2). Then, for every t ≥ 2,
In particular, choosing t δ = cδ −1/2 for some c > 0,
We first discuss the results and make a comparison with related work, and then give a sketch of the proof. The complete proof can be found in the supplementary material.
Discussion and comparison with related work As anticipated in Section 2, the bounds in (4.2) and (4.4) are derived by optimizing a stability plus regularization/optimization bound. Note in particular that the constants appearing in the regularization error are determined by the strong convexity constant and the norm of the operator X. The above results show that, given a noise level δ, regularization is achieved computing a suitable number t δ of iterations of DGD and ADGD. The number of required iterations tends to infinity as the noise goes to zero. The definition of t δ in Theorems 4.1 and 4.2 is an early stopping rule. The dependence of the noise that we get in Theorems 4.1 and 4.2 is optimal [21] , and coincides with the Tikhonov regularization one. The difference between DGD and ADGD is on the computational aspect: indeed, to achieve the same recovery accuracy, a number of iterations of the order of δ −1 are needed for the basic scheme, and only δ −1/2 iterations are needed for the accelerated method. This kind of result resembles the behaviour of the ν-method for the minimal norm solution [21] .
The condition −X T v ∈ ∂R(v † ) can be interpreted as an abstract regularity condition on the subdifferential of R [14] . When R = · 2 /2, and more generally when R is real-valued, it is automatically satisfied under our assumptions, and it corresponds to what is called a source condition [21, 17] . In some interesting cases, the proximity operator is not available in closed form, but can be still computed at reasonable cost (see [30, 32] for a throughout discussion). The results in Theorem 4.1 and 4.2 hold also if the proximity operator is computed inexactly, at an increasing precision.
Remark 4.5 (Beyond worst case) While we considered a general regularization R and obtained worst-case results, an interesting question is if these results can be improved under additional assumptions on R, e.g. assuming it is sparsity inducing. This will be the subject of future work, and we refer to [26] for some results in this direction.
We next compare our iterative regularization methods with related work. The case R = · 2 is classic, see [21] . In [25] an iterative regularization procedure based on the so called Bregman iteration, is considered. An early stopping rule based on a discrepancy principle in the case of noisy data is also presented. There is one main difference with respect to our contribution. Each DGD or ADGD step does not require inner algorithms if the proximity operator is available in closed form, while Bregman iteration requires the solution of a nontrivial minimization problem at each step. Such step is computationally as costly as solving a Tikhonov regularized problem. A stability analysis for the Bregman iteration is presented in Theorem 4.2 in [13] , while weak convergence without the strong convexity assumption is proved in [25] . A qualitative early stopping rule for the DGD algorithm has been considered in [2] for the total variation case. Finally, a related algorithm to the DGD is the one considered in [10] . The setting of [10] is more general than ours, but the obtained results are weaker: the stopping rule is of the form O(δ −2 ) and no quantitative bounds of w t δ − w † are given.
Sketch of the proof
We now discuss the main elements of the proof. The complete argument can be found in the supplementary material. We start from the proof of Theorem 4.1 and then we will briefly comment on the proof of Theorem 4.2. The proof of Theorem 4.1 is based on a decomposition of the error to be estimated in two terms. The idea is to build an auxiliary sequence and to majorize the error with the sum of two quantities that can be interpreted as a stability and an optimization (regularization) error, respectively. Bounds on these two terms are then provided. We first introduce the corresponding algorithm to solve the target problem in (2.2). This algorithm is not used in practice, but is needed only for the theoretical analysis, and is the noise free version of DGD, where y is replaced by y. Starting from v 0 = 0, the t-th iteration is defined by
w t /(t + 1) (4.5)
for the gradient descent algorithm applied to the dual of problem (2.2) (see the supplementary material for its definition). The choice of t δ is derived from the the following error decomposition
The term u t − w + is called approximation, but also optimization or regularization error. It vanishes for increasing t and in fact the following non asymptotic bound holds u t − w † ≤ X v † α −1 t −1/2 . The term u t − u t measures stability and its behavior for fixed t and noise level δ is u t − u t ≤ 2 X −1 δt 1/2 . The choice of t δ is obtained optimizing the resulting bound with respect to t ∈ N, that is
The stopping rule for ADGD follows analogously from a general result about convergence of proximal methods in the presence of computational errors [1] .
Numerical experiments
In this section we compare our iterative regularization techniques (DGD and ADGD with early stopping) with Tikhonov regularization on three different problems: variable selection, matrix completion, and image deblurring. The performance of the Tikhonov regularization scheme depends of course on the chosen algorithm to solve the regularized problems. We use state of the art techinques: accelerated proximal gradient descent with warm-restart [22] . The model selection phase is performed as follows: we first solve the regularized problem with a very large value λ 0 , and then for the sequence λ i = 2 −i λ 0 . Since in practice the noise level is unknown, we choose λ using holdout cross-validation keeping 1/10 of the available points for validation. For initializing the accelerated gradient descent on the regularized problem we use the warm-restarting trick, which is known (in practice) to dramatically accelerate the computation of the regularization path [8] . The comparison relies heavily on the stopping rule used for stopping the iteration computing the minimizer of the Tikhonov regularized functional. We used a very loose stopping rule for the algorithm for a given λ i to make Tikhonov regularization more competitive. More precisely the iterations were stopped when the distance between to successive iterations was less than 0.001 · δ. Since accelerated proximal gradient descent involves steps with the same computational complexity to those of DGD and ADGD, the comparison between the three approaches is made in terms of number of iterations. The number of iterations for Tikhonov regulatization is the total number of iterations for all different λ values.
Variable selection
We consider a linear regression problem with n = 500 examples and p = 2000 variables. We assume that y ∈ R 500 is obtained corrupting with a Gaussian noise of mean zero and variance δ/ √ n a measurement Xw * , where w * is a vector having a small number of nonzero components (10, 30, or 60, respectively). In this example, the covariates are correlated with a random covariance matrix Σ with Σ = C T C, where C is a random matrix with entries drawn independently at random from a gaussian distribution with standard deviation 0.1. To perform variable selection, and obtain a sparse estimator we apply our iterative regularization methods, DGD and ADGD, to the elastic net regularizing function R(w) = w 1 + (α/2) w 2 . We compared the number of iterations of DGD, ADGD, and Tikhonov regularization on 50 different realizations of sample points. The parameters were chosen using a validation set of 100 samples. The results are shown in Table 1 . For Tikhonov regularization, we used a second least squares step on the selected variables to compute the validation score, requiring an extra computation load that we did not quantify here. It is worth noticing that iterative regularization does not require this further step. The results suggest that Tikhonov regularization and iterative regularization algorithms have very similar prediction and variable selection performances. DGD is approximately as fast as state of the art variational regularization, while ADGD is much faster.
Matrix completion
We consider the problem of recovering a low-rank data matrix W ∈ R n×p from a sampling of its entries. We denote by Ω the subset of indices corresponding to sampled entries. We find an approximate solution of this problem by minimizing a strongly convex relaxation [15] given by the sum of the nuclear norm with the squared Frobenius norm, that is: (8) 78 (2) 1700 (500) where Y ∈ R n×p , is such that, for every (i, j) ∈ Ω, Y i,j = 0, and X : R n×p → R n×p is such that (X W ) i,j = W i,j if (i, j) ∈ Ω and 0 otherwise. DGD applied to this problem is the Singular Value Tresholding (SVT) algorithm described in [15] and note that, interestingly, ADGD is its accelerated counterpart. The most expensive computational part is the proximal step, which requires an SVD decomposition [19] . While in [15] the authors apply the algorithm to noisy data, they then propose as an improvement a different relaxation [16] . Here we show that SVT with early stopping is indeed an efficient algorithm to deal with matrix completion of noisy data. We tested the performance on simulated data using a standard procedure described in [15] . We multiplied random gaussian matrices with independent entries and variance 1 of size n × r and r × p where r is the chosen rank, and then we added an additive gaussian noise. We computed the Root Mean Square Error of the proposed approximation:
where A is the test set. As can be seen in Table 2 ADGD is comparable to state of the art Tikhonov regularization, with a significantly lower computational cost. In addition, we compare DGD with Tikhonov regularization (with accelerated proximal gradient+warm restart) on the MovieLens 100k dataset 2 . We averaged our results over five trials. We left out one tenth of the known entries at each trial and chose the best step/parameter via 2-fold cross validation. The mean RMSE for DGD and Tikhonov was 1.02. It required 250 iterations on average using DGD, and 550 iterations using Tikhonov. 
Image deblurring
Finally, we apply ADGD to an image processing problem, namely deblurring, with a strongly convex perturbation of total variation. More precisely, given an image W ∈ R 256×256 , we consider the regularization function R(W ) = T V (W ) 1,2 + 3 2 W 2 , where T V is the discrete total variation. In this application the proximity operator of the total variation penalty is not available in closed form. In our experiments, this is computed at each iteration using 20 steps of accelerated dual forward backward on the denoising problems corresponding to (3.2), and by warm starting with the previous approximate proximal point. We assume to have access to a noisy image y, obtained corrupting the original image with a Gaussian blur of one pixel and an additive Gaussian noise with variance 0.01. We compared the iterative regularization ADGD with early stopping with the solution obtained with the Tikhonov approach corresponding to the best regularization parameter on the cameramen image. The quality of an approximation of the original image is measured in terms of PSNR, and the best results are reported in Figure 1 . On the computational side, for the Tikhonov approach we set λ 0 = 10 5 , and then decreased it by multiplying it by 0.8 at each step. The best solution is obtained for λ = 6.8, while iterative regularization achieves the best results at the third iteration. 
This implies that one step of gradient descent applied to the problem in (A.3) can be written as
and this is the main iteration in DGD. The derivation of ADGD is analogous, simply the gradient descent method is replaced by FISTA acceleration [6] .
we derive Since t δ = cδ −1/2 , we have cδ −1/2 ≤ t δ ≤ cδ −1/2 + 1, therefore
The statement follows noting that (cδ −1/2 + 1) ≤ (c + 1)δ −1/2 .
